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На сегодняшний день успешно определены 

правовые и организационно-технические механизмы 

создания системы «Безопасный город» Республики 

Узбекистан, позволяющей оперативно и эффективно 

реагировать на современные вызовы и угрозы 

общественной безопасности. 

В успешном выполнении поставленной 

задачи необходимо активное участие не только 

государственных органов, но и институтов 

гражданского общества, научно-исследовательских 

и научно-производственных объединений и граждан 

Республики Узбекистан. [9] 
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УДК 621.396.41  

A.T. Rakhmanov, G.I. Ibragimov, F.M. Ganiev  
 

ON THE LINEAR EVASION DIFFERENTIAL GAMES OF MANY PURSUERS 

AND ONE EVADER WITH INTEGRAL CONSTRAINTS 
 

We study a linear evasion differential game of one evader from many pursuers with integral constraints on 

control functions of players. The terminal set is union of a finite number of subspaces. The critical case where 

―rotatability‖ condition fails to hold is studied. More precisely, when projections of control sets are segments parallel to 

coordinate axes, effectively verifiable sufficient conditions of evasion are obtained. The evasion is sequentially 

implemented from each of pursuers. To construct the evasion control, the initial positions, current states and controls of 

pursuers are used.  

Keywords: Linear differential game, evasion, many pursuers, integral constraint, critical case.  

1. Introduction 

There are many works devoted to evasion 

differential games (see, for example, [1–21]). The 

problem of evasion from any initial position on the 

semi-infinite time interval first was formulated and 

solved for a linear differential game in [8-9]. Results of 

these works were further extended to the case of integral 

constraints [1] and [5]. In the works [1–2], [6], [5-7], 

[10-13], [19,20,21] evasion differential game problems 

of various structure were studied and solved under 

assumption that the conditions of‖ rotatability‖ and 

―advantage‖ are satisfied in one or another form. 

In [20], sufficient conditions of evasion were 

obtained when the projection of control set of evader is 

a segment not parallel to coordinate axes.  In [8–9] first 

were investigated the critical case, when the projection 

of control set of evader is a segment parallel to one of 

the coordinate axes. In those papers, evasion differential 

games of one evader and one pursuer were investigated 

and new sufficient conditions of evasion were obtained 

under information discrimination of the pursuer. The 

works [15-18] were devoted to investigation and 

improvement of sufficient conditions of evasion in 

critical case [8–9].  In [15-16], a method of evasion in 

direction was proposed and sufficient conditions of 

http://www.keepertele.com/
mailto:Akh44@mail.ru
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evasion in critical case were obtained, and in [17] 

sufficient conditions of evasion from many pursuers 

with integral constraints on controls were obtained in 

critical case.  

A method of alternating directions was proposed in 

[2] for nonlinear evasion differential games, which 

enables to reduce dimensionality of the subspace where 

the evader needs a directional advantage. In [4] a linear 

differential game with geometric constraints was studied 

when the Pontryagin condition is not satisfied. A 

sufficient condition of evasion was proposed.  

In the present paper, effective sufficient conditions 

of evasion were obtained, which improves the results of 

the work [17] and, moreover, includes a new class of 

differential games. The present paper is closely allied to 

studies [15-18]. 

2. Statement of Problem 

Consider a differential game in in
R  described by 

the following equations 

iaviDiuiBiziCiz     (1) 

where ,i iC B , iD -are constant matrices with 

appropriate dimensions,  1ip

iu R , 1qv R  are 

control parameters of the i -th pursuer and evader, 

respectively,  subjected to constraints 

2

( )i iL
u   ,    (2) 

2

( )
L

v   .    (3) 

Differential game is started beginning at the time 

0t  from the initial point  0 10 20 0( , , , )mz z z z  , 

0i iz M  , and differential game is said to be 

completed if ( )i iz M   at some {1,..., }i m and 

0  , where iM  is terminal set, which is a linear 

subspace of in
R .  

Definition 1. Measurable functions  ( )i iu u    

and  ( )v v   that satisfy conditions  (2) , (3) , are 

called admissible controls of the i -th pursuer and 

evader respectively.   

Definition 2. A function 

v ),...,,,,,( 2110 muuuzztv  is called strategy of 

evader if for any controls of the pursuers ),(tuu ii   

,,...,2,1 mi   the initial value problem  

iatviDtiuiBiziCiz  )()(

 4.,...,2,1,)0( 0 mizz ii   

has a unique solution 

,0,)(,...),(),( 21 ttztztz m  and the following 

inequality 

 
2

2

0

),...,2,1,,0,( 


dtmuuuzztv

 

, holds true. 

By a solution of the initial value problem (4), we 

mean m   absolutely continuous functions 

0,)(,...),(),( 21 ttztztz m ,  that satisfy initial 

conditions in (4) and differential equations in (4) almost 

everywhere on ),0[  . 

Definition 3. We say that evasion is possible in the 

game (1)–(3) from initial position 

0 10 20 0( , , , )mz z z z  ,  with  0i iz M  , 

mi ,...,2,1 , if for any controls of the pursuers,  there 

is a strategy of evader such that, for all 0t and 

mi ,...,2,1  , .)( iMtiz 
 

Definition 4. We say that evasion is possible in the 

game in the game (1) -(3), if evasion is possible in the 

game (1) -(3) from all initial positions  

0 10 20 0( , , , )mz z z z  , 0i iz M . 

Problem. Find a condition of evasion in the game 

(1) -(3). 

3. Main result 

Let iL be the orthogonal complement  of iM in 

in
R and 1 2,i iW W

 
be one-dimensional subspaces  in iL . 

Denote by 1 2,i i   the orthogonal projection operators 

of in
R to 1 2,i iW W respectively.  Let 

1:ij ijF W R , 1,2j  ,  mi ,...,2,1 , be linear one to 

one maps. 

To formulate the main results, we make some 

assumptions. 

Assumption 1. There exist positive integers ik , 

one-dimensional  subspaces 1 2,i iW W , and linear one to 

one maps 
1:ij ijF W R  , 1,2j  , such that 

(a) for any  mi ,...,2,1  and 

,12,1,2,...,1,0  irinikikikijkjs  the set 

)( qRiDip
RiB

js

iCijijF 
 

is singleton, and 

0ir
iC , where ir  is multiplicity of zero root of 

characteristic equation of the matrix .iC  

(b) 


,11
11 RqRiDik

iCiiF   mi ,...,2,1  

Comments to conditions Assumption1: 

-in Assumption1(а) the condition ikik 1  shows the 

degree «inertness» of players and means that degree of 

«inertness» of the evader is equal to the can‘t be more 

than degree of inertness of each of pursuers;  

-the condition 12  irinik  means the presence of 

condition «critical case» [12,13,22-24,26,28];  

-the condition (b) means that the evader has an 

advantage running away over pursuers.  
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By the Hamilton – Kayley theorem, any matrix 

satisfies its characteristic equation. In our case, from 

condition (a) we have 

)5(,0)
1

10( 





rbirin
iCbirin

iCbir
iC

Since 0ir
iC , applying  the maps 22 iiF 

 
to (5) we 

find that 

,
1

221220 rbirin
iCiiFbirin

iCiiFb 





 (6) 

Therefore, Assumption 1(a)  and (6)  implies that the set 

)( qRiDip
RiBiCijijF 

 
is a singleton for all 

irin  . Clearly,  0)(  qRiDip
RiBiCijijF   

Let  

,...,1,0,22  
iaiCiiFija 





in

j
iaijaiz

j
iCiiFizi

0

.01,,2)122()(   

Define the matrices 
*,i iH H as follows: 

2 2

2 2

2

2 2

2 2

.............

i

i i i

i i i

i i i i

n

i i i

F E

F C

H F C

F C









 
 
 
 
 
 
 
 

, 

2 2

2 2 0

* 2

2 2 1

2 2 1

0

.........................

i

i

i i i

i i i i

i i i i i

n

i i i in

F E

F C a

H F C a

F C a







 

 
 
 
 
 
 
 
  

,(7) 

where iE
 
is i in n

 
identity matrix. 

Assumption 2. 
*

i irankH rankH
 
for all  

 mi ,...,2,1 . 

According to Assumption 1 (b) 
1

1 1
i ik p

i i i iF C B R 


1

1 1
ik q

i i i iF C D R 

 
therefore, there 

are linear maps : ip q

iG R R such that 

1

1 1
ik

i i i iF C B 


1

1 1
ik

i i i i iF C DG 
. 

Let 

infi  { iG /
1

1 1
ik

i i i iF C B 


1

1 1
ik

i i i i iF C DG 
}. 

Assumption 3.  
2 2 2 2 2 2 2

1 1 2 2 m m         . 

Theorem 1. If Assumptions 1–3 hold, then 

evasion is possible in the game (1)–(3). 

Proof. Define the functions 
1

2 2

0

( , )
( 1)!

i

r
tC

i i i i i ir

r

t
g t z F e z a

r






 


 , 

 mi ,...,2,1 . 

By construction, if iz is a fixed point in in
R , then the 

function ( , )i ig t z is an analytical function in t  on any 

finite interval. Consider the following system of 

algebraic equations with unknown vector iz : 

2 2

2 2 0

2

2 2 1

2 2 1

0

..................

i

i

i i i

i i i i i

i i i i i

n

i i i i in

F z

F C z a

F C z a

F C z a







 

 








 

                    (8) 

Assumption 2 implies that the system (8) has no 

solution with respect to 

iz

. Then, comparing 

coefficients of the function ( , )i ig t z with the system 

(8), yields that each function 

1 1 2 2( , ), ( , ),..., ( , )m mg t z g t z g t z  is not identically 

equal to zero on [0, ) for fixed in

iz R . Let 

{ ( , )| }in

i i i ig z z R    .  Then i is a finite 

dimensional family and any non-zero function of the 

family i , for fixed iz , has a finite number of positive 

zeros on finite interval[1]. Therefore, if 0i iz M , all 

the functions    1 10 0, ,..., , ,m mg t z g t z have finite 

number of positive zeros on finite time interval. As a 

consequence, we obtain if  1 2, ,..., , ,...,nt t t is a 

sequence with  1r rt t  , consisted of positive zeros of 

the functions    1 10 0, ,..., ,m mg t z g t z , then   

nt 
  

as  n ,  and there exist constants   

0r 
  

such that 

1 1 1 0t    , 1 1r r r rt t     , 1,2...r  . 

Denote  

 10 ,0 I ,  rrrrr ttI   , , 2,1r , . 

Let     , , 0 1iu t v t t  , be arbitrary admissible 

controls of players. Then  by Assumption 1(a) for the 

solution  ( ), 0 1,iz t t  of the initial value problem 

iiiiiii atvDtuBzCz  )()( , 0(0)i iz z , 

we have 

   
 

 
     

1

1

1 1 0 1 1
0

, ,0
1 !

i

i

k
t

k

i i i i i i i i i i i i

i

t
F z t t z F C D Bu d h t

k


      




     

   2 2 0,i i i i iF z t g t z  , e 

   
0 1 1 0 1 1

0
, ii

t t Ctc

i i i i i i i it z F e z F e a d


   


   , 
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( , )ih t x 

1 1

( )
[ ( ) ( )] .

!
i

t r
r

i i i i i i

r kx

t
F C D v Bu d

r


   






  

Using the Cauchy – Schwartz inequality and 

admissibility of controls of players, we obtain 

  1/2
, ( ) ,

!
iki

i

i

d
h t x t x

k


  0 1x t   ,  (10) 

where id
 
a positive constant. 

Now, we construct strategy for the evader. Set 

  0t 
 

on the interval 0I . Since  , 0i ig t z  , 

0It , for all   mi ,...,2,1 , then, clearly, 

 i iz t M , 0It . In particular, if we take  

0 1( )i iz z  , then 0i iz M . For  iz t , 
1It , we 

can see from (9) that 

   
 

 1

1

1 1 0,
1 !

ik
t

i i i i i

i

t
F z t t z

k


 




 


   1

1 1 1( , )ik

i i i i i i iF C D Bu d h t          , 

   2 2 0,i i i i iF z t g t z  . (11) 

By definition of  the greatest lower bound, there are 

linear maps : iP q

iG R R  such that  
 

2 22 2 2

1 1 ... m mG G    
 

 and  

1 1

1 1 1 1
i ik k

i i i i i i i i iF C B F C DG  
 . Partition the interval  

1I  
into m  subintervals by the numbers 

1 2 1m t       , and we define ( )v t on  

111   tt   step by step. We specify this numbers 

later. On the interval  1 2t   , we set 

     1 1 1 1t t G u t w    , where 
1

qw R  is a 

solution of the equation 

1 1

11 11 1 1 1 1

kF C D w    ,                 (12) 

where 1 1Г  , 1 1 1: , 0Г b b    , while 

on the segment 112   tt , )(tv  is still 

considered arbitrary. It follows from Assumption 1(b) 

that the equation (12) has a solution with respect to the 

vector 1

qw R . Let  1   
be a number from 1Г , and  

1

qw R be corresponding  lexicographically minimal 

solution of the equation (12). Then for the solution  

 tz1 , 1 1 1t t    , with the initial value 

 10 1 1z z  , we obtain from (11) at  1i   the 

following: for  1 2[ , ]t   , 

1

11
11 11 1 1 10 1 1 1 1 1

1

( )
( ) ( , ) [ ! ( ) ( , )]

!

k
kt

F z t t z k t h t
k


    

     ; 

12 12 1 1 10( ) ( , )F z t g t z  ; (13) 

and for  2 1 1[ , ]t t   , 

1
1

1 2
11 11 1 1 10 1 1

1 1

( )
( ) ( , ) [

!

k
kt t

F z t t z
k t

 
   



  
    

 

1

1

1

1

2
2

1 1 1 1 2

1

( )
( ) ( ) ! ( , )]

( )

k

k

k

t
t t k h t

t


  






   


,  

12 12 1 1 10( ) ( , )F z t g t z  , 
112   tt . (14) 

where  

 










t
kk

k

tduBvDCF
k

t
t

2

1
1

1

2

1

1111

1

11111

1

1

1 )()()(
)!1(

)(
)(






  

Next, on the interval 2 3t   , we set 

2 2 2 2( ) ( ) ( )v t v t G u t w   , where 
2

qw R  is a 

solution of the equation (15) where 2 2Г  , 

 2 2 2: , 0Г b b    , while on the segment 

113   tt , )(tv  is still considered arbitrary. 

Assumption 1(b) implies that there exists a solution 

2

qw R  of the equation (15). Let 2 be a number 

from 2Г , and 
2

qw R be corresponding  

lexicographically minimal solution of the equation (15).  

Then for the solution   tz2
, 2 1 1t t    , with the 

initial condition  20 2 2z z  , letting  2i   and 

using (11) we have the following: 

for  2 3[ , ]t   , 

2

22
21 21 2 2 20 2 2 2 2 2

2

( )
( ) ( , ) [ ! ( ) ( , )]

!

k
kt

F z t t z k t h t
k


    

     , 

22 22 2 2 20( ) ( , )F z t g t z  ; (16) 

and for 3 1 1[ , ]t t   , 

)];3,(2
2)2(!2

2)2(

2

1
2

)3(
)(2

2

2

3
22[

!2

2)2(
)20,(2)(22121
















th
k

tk

k
t

k
t

t

k

t

t

k

k
t

zttzF






























22 22 2 2 20( ) ( , )F z t g t z  , 3 1 1t t    .  (17) 
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where 
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 . 

We continue in this fashion to choose the control ( )v t
 

on  1m mt    . Set 

1 1 1 1( ) ( ) ( )m m m mv t v t G u t w      , where 

1

q

mw R    
is a solution of the equation 

1 1

1,1 1,1 1 1 1 1
mk

m m m m m mF C D w  

                  (18) 

where,  1 1 1 1: , 0m m m mГ b b         , 

while on the segment 11   ttm , )(tv  is still 

considered arbitrary. Assumption 1(b) implies that there 

exists a solution 
1

q

mw R  of the equation (18). 

Let 1m  be a number from 1mГ  , and 
1

q

mw R  be 

corresponding  lexicographically minimal solution of  

the equation (18). Then for the solution  tzm 1 , 

1 1 1m t t     , with the initial condition  

 1,0 1 1m m mz z    , using (11) and letting  

1i m  we have the following: 

for  1[ , ]m mt   , 

1

11
1,1 1,1 1 1 1,0 1 1 1 1 1

1

( )
( ) ( , ) [ ! ( ) ( , )]

!

m

m

k
km

m m m m m m m m m m

m

t
F z t t z k t h t

k


    




         




    

1,2 1,2 1 1 1,0( ) ( , )m m m m mF z t g t z     ; (19) 

and for 1 1[ , ]mt t   ,

 
11

1

1

1

2
1

1,1 1,1 1 1 1,0 1 1 1

1 1 1

( ) ( )
( ) ( , ) [ ( )

! ( )

mm
m

m

kk
k

m m m
m m m m m m m m k

m m m

t t t
F z t t z t

k t t

  
    

 









       

  

   
     

  
1

1 1 1! ( ) ( , )]mk

m m m mk t h t 

     , 

1,2 1,2 1 1 1,0( ) ( , )m m m m mF z t g t z     .            (20) 

where  
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k
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m
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tduBvDCF
k

t
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 2

1

11

1

11,11,1

1

1

1

1
1

1

)()()(
)!1(

)(
)( .  

On the interval 1 1m t t    , we set  

( ) ( ) ( )m m m mv t v t G u t w   , where 
q

mw R  is a 

solution of the equation 

1

1 1
mk

m m m m m mF C D w 
    (21) 

where  : , 0m m m mГ b b      .  From 

Assumption 1(b) implies that there exists a solution 
q

m Rw   of  the equation (21). Then for the solution 

( )mz t , 1 1m t t    , with  0 ( )m m mz z  , we 

obtain from (11) at i m  the following equation 

1 1 0

( )
( ) ( , ) ! ( ) ( , )]

!

m

m

k
km

m m m m m m m m m m

m

t
F z t t z k t h t

k


    

    

2 2 0( ) ( , )m m m m mF z t g t z  , 1 1m t t     (22) 

Using the Cauchy–Schwartz inequality and 

admissibility of controls of players we can see that there 

exist a positive numbers 
1

id  such that 

1( )i it d  , 111   tti ,  1,...,2,1  mi . (23) 

Next, consider the vector-function  

0 0 0( , ) ( !( ) ( , ), ( , ))ik

i i i i i i i it z k t t z g t z  
  . 

Obviously, it has at most one solution on the interval 

 1 1,i t  . It is clear that on the segment  iГ  it has 

no more then one zero. For this reason , if we divide the 

segment iГ into two equal parts 
1

iГ , 
2

iГ , then the 

curve  0( , )i it z  doesn‘t  intersect at least one of them, 

without loss of generality, we assume that it is 
1

iГ , and 

let  
0

i  be its midpoint. Choose  the numbers  

1 2 1... m t     
  

such that 

4
2

1

)1(

)1(

2

1

)11(1

1

110 ib
itid

ik
it

ik

it
id

ik

it

it
i 
























 








 , 

 1,...,2,1  mi ,          (24) 

4
2

1

)1( ib
itid  ,  mi ,...,2,1 .           (25) 

Since  ib , id , 
1

id ,  mi ,...,2,1
 
are positive constants, 

therefore we are able to choose numbers satisfying the 

inequalities (24) and (25). Note that the numbers 

1 2 3, , ,..., m    are found consecutively: first 

1 1 1 0t     is chosen. Then 2 is found based on 



 МУҲАММАД АЛ-ХОРАЗМИЙ АВЛОДЛАРИ ИЛМИЙ-АМАЛИЙ ВА АХБОРОТ-ТАҲЛИЛИЙ ЖУРНАЛИ 34 
 

Мухаммад ал-Хоразмий авлодлари, № 2 (4), май 2018 
 

1 and so on. Assume that all the numbers 

1 2 3, , ,..., m     has been chosen. In view of  (10), the 

functions  ( , )i ih t 
  

satisfy the inequality 

  1/2
, ( ) ,

!
iki

i i i

i

d
h t t

k
  

  1 1i t t    . 

Then combining (23), (24) and (25), gives 

1),1()1(!

)1(

2

1

)11(
)1(

1

1100)1( iГitihik
itik

ki
it

ik

it
ti

ik

it

it

iitiw 



























 









 ,

 1,...,2,1  mi , 

1),1()1(!0)1(*
iГitihik

itikitiw 


  ,

 mi ,...,2,1 . 

Taking  
0

1 1  , 
0

2 2  , 
0

1 1m m   , 

0

m m  in the equations  (13)-(14),   (16)-(17),  (19)-

(20), and  (22)  respectively, we get the following  

inequalities  at  1t t  

,0)0),1((

))0,1(),0,1()1(!(

))1(22),1(11)1(!(













tiw

iztigizti
ik

itik

tiziiFtiziiFik
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 mi ,...,2,1 . 

or

,0)0),1(*())0,1(),0,1()1(!(

))1(22),1(11)1(!(











tiwiztigizti
ik

itik

tiziiFtiziiFik
itik





 mi ,...,2,1 . This implies that 

1 1 1 2 2 1( ( ), ( )) 0i i i i i iF z t F z t   ,  mi ,...,2,1 . (26) 

Since maps
ijF are linear, and one to one, 

ij
 

is 

orthogonal projection operator of in
R onto ijW and  

0( , ) 0i ig t z  for all 1t t , 10 IIt  , therefore (26) 

implies that ( )i iz t M , 10 IIt  ,  mi ,...,2,1 . 

Thus, we have proved that evasion is possible on the 

interval 10 II  . The same proof works for the intervals 

,...,...,3,2 kIII . Note that  kIjI Ø, j k . 

Therefore, we  set  ( ) 0v t  outside the intervals 

,...3,2,1, jjI . This completes the proof that evasion is 

possible in the game (1) -(3).  

It remains to prove that the control ( )v t , 0 t  is 

admissible. By Assumption 1 (a), there exists a compact 

set 
1

qQ R  such that 

1

1 1 1
ik

i i i i iГ F P C DQ


 ,  mi ,...,2,1 . 

Set 
2 22 2 2

1 1 ... m mG G       , 

1

2

0 max
w Q

w w


 , 

 

2
*

2
1 2

0 0 1 1

1
min , ,

2 2 2 ... 2
j j

j

m mw mw G G


 

 

 
 

  
   

 
Then using the integral inequality of Minkowski, we 

obtain the following estimate 
*

*

2 2

10

( ) ( )

j j

j j

t

j t

v t dt v t dt





 

 

   

*

32

1 2

2 2 2

1 1 1 2 2 2

1

( ) ( ) ... ( )

j j

m

t

m m m

j

G u t w dt G u t w dt G u t w dt



  






 
       
 
 

     

2 2 22 2 2 * 2

1 1 2 2 0 0

1 1

... 2
m

m m i i j

i j

G G G w mw G     


 

 
       

 
   

and the proof of Theorem 1 is complete. 

Theorem 2. Let Assumptions1,3 be satisfied and 

Let the initial point 0 10 20 0( , , , )mz z z z   be such 

that 0i iz M ,  0( ) 0i iФ z  for all  mi ,...,2,1 . 

Then evasion is possible from the point 

0 10 20 0( , , , )mz z z z   in the game (1)-(3). 

Proof. By the hypothesis of the theorem 

0( ) 0i iФ z  ,  mi ,...,2,1 . Comparing summands 

of the function 0( )i iФ z with the system of equations (8) 

and coefficients of the functions 

 1 10, ,...,g t z  0,m mg t z , we can see that for the 

given point 0z
 
the system of equations (8) inconsistent 

and all the functions    1 10 0, ,..., ,m mg t z g t z  are 

not identically equal to zero on [0, ) . The rest of the 

proof runs as the proof of Theorem 1. 

 

4. Extension of obtained results 

Consider a differential game in in
R  described by 

the following equations 
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iaViDiUiBiziCiz    (27) 

where ,i iC B , iD
 

are constant matrices with 

appropriate dimensions,  
0

,
i

i

i

u
U

u

 
  
   

0i

v
V

v

 
  
 

, 

20 ip

iu R , 20 qv R  are constant uncontrolled 

vectors, 1ip

iu R , 1qv R  are control parameters of 

the i -th pursuer and evader, respectively, subjected to 

constraints 

2

( )i iL
u   ,  (28) 

2

( )
L

v   .  (29) 

To formulate the main results, we give 

assumptions. 

Assumption 4. There exist positive integers ik , 

one-dimensional subspaces 1 2,i iW W , and linear one to 

one maps 
1:ij ijF W R , 1,2j  , such that 

(a) each of the sets 

)
0

1

0

1
(22
































v

q
R

iD

iu

ip
R

iB
j

iCiiF


 ,  mi ,...,2,1 , 

,12,1,2,...,1,0  irinikikikijkj  

is singleton  and 0ir

iC  , where ir  
is  

multiplicity of zero solution of characteristic equation of 

matrix iC ; 

(b) 

1

1

1 1 0

i

q

k

i i i i

R
F C D

v
 

 
  
 

=

1

1 1

1 1
0

i

q
k

i i i i

R
F C D R 

 
 

 
,  mi ,...,2,1 ; 

(c) 

1 1

1 1

1 1 1 10 0

i i

i i

p p

k k

i i i i i i i i

i

R R
F C B F C B

u
  

   
    

  
, 

 mi ,...,2,1  

By the Hamilton – Kayley theorem, any matrix 

satisfies its characteristic equation. Therefore, 

Assumption 4(a) implies that the set 

1 1

0 0

ip q

r

ij ij i i i

i

R R
F C B D

u v


    
       

   

 is singleton for all 

i ir n r  . 

Set 

2 2

j

ij i i i ia F C a 












































0022

11

v

R
D

u

R
BCF

q

i

i

p

i

j

iii

i

 ,

 mi ,...,2,1 1,2j  ,…, 

2

2 2 1 , 1

0

( ) ( ) , 0,
in

j

i i i i i i ij i

j

z F C z a a  



   

 mi ,...,2,1
.
 

Note that in this case, in contrast to Assumption 1, 

some of the numbers 
ija  might not equal to zero. 

Define matrices 
*,i iH H  similar to (7). 

Assumption 5. 
*

i irankH rankH  for all  

 mi ,...,2,1 .   

Observe that by Assumption 4 (b) 

1

1

1 1 0

i

q

k

i i i i

R
F C D

v
 

 
  
 

=

1

1 1

1 1
0

i

q
k

i i i i

R
F C D R 

 
 

 
, 

 mi ,...,2,1 . 

Therefore, using Assumption 4(c), we can assert 

that there are linear maps 1 1

1 : ip q

iG R R  such that 

1

1 1 0

i
ik

i i i i

i

E
F C B

u
 

 
 

 

11

1 1 0

i
ik

i i i i

G
F C D

v
 

 
 
 

, 

 mi ,...,2,1 . 

Let 

1 infi 

11 1

1 1 1 1 10 0

i i
i ik k

i i i i i i i i i

i

E G
G F C B F C D

u v
  

     
   

    
 

Assumption 6.  
2 2 2 2 2 2 2

11 1 12 2 1m m         . 

Theorem 3. Let Assumptions 4–6 hold. Then 

evasion is possible in the game with integral constraints 

(26) -(28). 

Theorem 4. Let Assumptions 4 and 6 hold. If 

0( ) 0i iФ z 
 
for the points 

0i iz M ,  mi ,...,2,1 , 

then evasion is possible in the game (26)-(28) from the 

point 
0 10 20 0( , , , )mz z z z  . 

Theorems 3 and 4 can be proved by the same 

scheme as Theorems 1 and 2 with small changes. 

Remark. Conclusions of these theorems are still 

valid if control functions of players ( ), ( )i iu u v v     

satisfy general integral constraints: ( )i iLp
u   , 

( )
Lq

v   . 
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Example. As a model example, we consider the 

Pontryagin example, where movements of the pursuers 

are described by equations 

,igiUixiix           (30) 

and movement of the evader is described by the 

equation 

,hVyy      (31) 

where , , , n

i ix y U V R , 2n  , 

0
,

i

i

i

u
U

u

 
  
 

0i

v
V

v

 
  
   

,  20 ip

iu R
 
, 20 qv R  

uncontrolled vectors,  ip

i Ru 1 ,  1qv R  are control 

parameters of  the i -th pursuer,   mi ,...,2,1   ,  and 

evader,  respectively,  which are subjected to constraints  

(28) and (29), respectively, , , ,i i     are given non 

negative numbers. Clearly, 
1 2 1 2i ip p q q n    . 

We say that evasion is possible  if  ( ) ( )ix t y t
 

at some 0t   and  for all   mi ,...,2,1 . Using 

reduced coordinates  
1 i 2 i 3 ( z , z , z )iz 

 
defined  by 

1 ,i iy x z  2 ,i ix z 3y z , we can rewrite  (30)  

and  (31)  as 

iiiiiii lVDUBzCz   (32) 

where 



















E

iC





 -    0    0

0    Ei -    0

E     E-     0

 , 



















 0

 E

 0

iB , 



















 E

 0

 0

iD  , 



















h 

 ig

 0

il , 

E is nn identity matrix. 

In reduced coordinates the terminal set has the 

form  1i 2i 3 1i (z , z , z ) : z 0iM   .     Then 

 03,02iz: )3z,2iz,1i(z  ziL
 
is the orthogonal 

complement  of iM in 
nR3

, and     

  iLziW  03,02iz0,1]1iz[: )3z,2iz,1i(z1 , 

  iLziW  03,02iz0,2]1iz[: )3z,2iz,1i(z2 , 

where,  by 
sf ][  denotes the s-th coordinate of the 

vector 
 
f ( 2,1s ).   

For simplicity, we set 2n   end application of  

Theorem 3 to the game (32).  Clearly, 

12121  qqpp ii
 ,  for  the game  (32) we can 

calculate matrices 



















 



iEj

j
i

j
iC

) (-                0             0

0             iEj)i(-       0

iE1-j1j(-1)     iE
1j(-1)     0







,  2j  , 

1ir  ,  and 21  ikik  ,  42 ik  is holds all conditions 

of the Assumption 4. Define numbers 

01)1(0)( vjj
iuj

iija    and matrices 
*,i iH H  

similar to (7). Therefore,  at least one of the following 

conditions holds 

(i) 
0 0, vi iu   ,  mi ,...,2,1 ; (ii) 

0 0, vi i iu     ,  mi ,...,2,1 , 

then  is hold  Assumption 5 for the game (32). 

Further,   if 
2 2 2 2

1 2 m        then is hold 

true Assumption 6 for the game (32). Therefore in the 

game (32)  holds true all Assumptions 4-6 and 

according to the theorem 3 evasion is possible in the 

game (32).  

If both of the conditions (i) and (ii) fails to hold, 

the none cannot apply Theorem 3 to the game (32). 

However, in this case, theorem 4 is applicable to the 

game (32) and it leads to the following result: if  
2 2 2 2

1 2 m      , and for the numbers 

0i iz M  

02)2]000
3

20
2

2([

2)2]000
3

0
2

([

2)2]0
3

0
2

([2)2]0
1

([)0(







viuiz
i

zi

viuz
i

zi

z
i

z
i

ziziФ



  

for all  mi ,...,2,1  , then evasion is possible in 

the game (32) only from the point 

0 10 20 0( , , , )mz z z z  . 

 

Conclusion 

In the present paper, we have obtained new 

sufficient conditions of evasion from many pursuers in 

critical case when the projection of evader‘s control set 

is a segment parallel to coordinate axes. A new method 

has been proposed to control the evasion parameter, 

which allows simultaneously avoiding from several 

pursuers and requires a minimum advantage of resource 

of evader over the resources of pursuers. The proposed 

method can be applied for solution of problems of the 

theory of pursuit and evasion differential games as well 

as problems of mathematical control theory, when 

controls are subjected to integral constraints. 
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УДК 004.8 

Н.О. Рахимов   

АХБОРОТ БИРЛИКЛАРИГА БЎЛИШ АСОСИДА ПРОДУКЦИОН БИЛИМЛАР 

БАЗАСИНИ ЛОЙИҲЛАШ ЁНДАШУВИ 

Мақолада электрон ахборот ресурсларида билимларни акс эттиришда танланган предмет соҳа бўйича 

ахборот бирликларига бўлиш асосида продукцион билимлар базасини лойиҳалаш ѐндашуви қараб ўтилган. 

Бундай ѐндашув сирасига предмет соҳанинг турли хусусиятларини шакллантириш ҳамда билимларни акс 

эттиришда сабаб-моҳият кўринишидаги боғланишлар амалга оширилиши келтирилган. Бунда танланган 

предмет соҳани глобал ва локал ахборотлар сифатида ажратиб олиш ѐрдамида предмет соҳанинг сабаб-моҳият 

кўринишдаги боғлиқликлар асосида билимларни ифодаланиши асосланган. Продукцион модел ѐрдамида 

билимлар базасидан  билимларни қидириб  топиш ѐндашувлари келтирилган. 


